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Abstract
This is an extension of the prediction of strange baryon decays to the decays of charmed baryons using
QCD Sum Rules. Using QCD Sum Rules we estimate the decay Λ+
c
(udc) → Λo
s
(uds) + pi+. Although
some weak decays of the Λ+
c
have been measured, since it is difficult to measure Λ+
c
→ Λo
s
+ pi+ our
estimates should be useful for future experiments.
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1 Introduction
Many years ago the method of QCD sum rules was used[1] to estimate the weak decays Σ− → n+π−,Σ+ →
n+ π+. Using similar theoretical methods we estimate the weak decay Λ+c (udc)→ Λos(uds) + π+.
The method of QCD sum rules was introduced by Shifman, Vainshtein, and Zakharov [2] to estimate
properties of hadrons using 2-point correlators. Recently we have estimated the masses of the charm baryon,
Λ+c , bottom baryon Λ
0
b, strange baryon Λ
0
s using QCD sum rules with a 2-point correlator[3]. We review
how this method was extended to 3-point correlator by L.J. Reinders et. al.[4] which we use in the present
work to estimate the rate of weak decays of a charm hadron to a strange hadron, similar to the weak decays
Σ− → n + π−,Σ+ → n + π+ but with a charm → strange rather than a strange → up quark transition
in Ref[1]. Since we only consider weak decays of charm to strange baryons, in our review we only discuss
QCD sum rules using 3-point correlator. Recent experimental measurements of Λ+c → pK−π+ and other
Λ+c decay modes[5] are important but not directly related to the present estimate of Λ
+
c → Λos + π+.
For the weak decay Λ+c → Λos+π+ the weak Hamiltonian HW is used[1, 6]. The weak decay c→ s, where
s, c are strange, charm quarks, is needed for the calucalation of Λ+c → Λos + π+. A number of parameters for
our calculation of Λ+c → Λos + π+, including θC , the Cabibbo angle, are not known very well, and we only
use the main process shown in Figure 1. Although our calculation is only an estimate of this weak decay it
should be useful for future experiments.
2 QCD Sum Rule with 3-pt Correlator for Weak Decay Λ+c (udc)→
Λos(uds) + pi
+
For the 3-point correlator to estimate Λ+c (udc)→ Λos(uds)π+ we need the currents for Λ+c (udc) and Λos(uds),
and the weak Hamiltonian. We consider here the same currents that we used for Λ+c (udc) and Λ
o(uds) in
[3] to estimate the lambda baryon masses:
ηΛ+c (x) = ǫ
abc[uaT (x)Cγµd
b(x)]γ5γµcc(x) , (1)
ηΛo
s
(x) = ǫabc[uaT (x)Cγνd
b(x)]γ5γνsc(x)
The weak Hamiltonian is
HW =
GF√
2
JµJ†µ , (2)
1
Jµ = Vcs s¯γ
µ(1− γ5)c + Vud d¯γµ(1 − γ5)u , (3)
where GF is the Fermi coupling constant and Vud = 0.97420 ± 0.00021 and Vcs = 0.997 ± 0.017 are the
elements of Cabibbo-Kobayashi-Maskawa matrix [7]. Notice that Vcs is close to 1, which makes this weak
decay Cabibbo-favored.
The QCD diagram which is used for the 3-pt correlator to estimate Λ+c (udc)→ Λ0s(uds)+π+ is shown in
Figure 1. In this diagram, the charm-strange transition and the pion creation is mediated by a weak gauge
boson, W+, represented by the wavy line. There are other higher order diagrams corresponding to the same
process but their contribution is negligible compared to this leading order process, so we ignore them.
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Figure 1: Weak Decay of Λ+c to Λ
o
s + π
+
Note that the momentum of the strange quark is the momentum of the charm quark minus the momentum
of the pion (k1 − q).
The 3-pt correlator is
Π3(p, q) = i
∫
d4xd4y eip·xeiq·yΠ3(x, y) , (4)
where
Π3(x, y) = < 0|T [ηΛ+c (x)HW (y)η¯Λos (0)]|0 >π+ . (5)
where the subscript π+ denotes that the constituent quarks of the lambda baryons propagate in an external
pion field. Using π+ = |ud¯ >, π0 ≃ |dd¯ > and Eq(3)[1], we write the weak matrix element
< π+|Jα|π0 > =
√
2FπVud qα , (6)
where Fπ is the weak pion form factor and q is the momentum of the pion. After a few lines of calculations
(see Appendix A) that mainly involves trace identities, we obtain the following expression for the 3-point
function:
Π3(p, q) = −16imcGFFπVudVcs Π3Q(p, q) , (7)
where
Π3Q(p, q) = qν [Π
µµν +Πµνµ −Πνµµ] , (8)
Πµνω(p, q) =
∫
d4k
(2π)4
kµ
k2
∫
d4l
(2π)4
lν(l − k − p− q)ω
l2 [(l − k − p)2 −m2c ] [(l − k − p− q)2 −m2s]
(9)
2
We evaluate Πµµν , Πµνµ and Πνµµ in Eq. (8) using a dimensional regularization technique that uses
Schwinger’s proper-time representation of the propagator, 1/(p2 −m2) = ∫∞
0
dαe−α(p
2−m2), with the gen-
eralization of the gaussian integrals to D = (4 − 2ǫ)-dimensions [8, 9]. The detailed calculation is shown in
Appendix B and we are mentioning the result here:
Π3Q(p, q) =
1
2(4π)4
∫ 1
0
dγdρ2ρ3(1− ρ)2 (p.q)
∫ 1
0
dκ
1
g(ρ, κ)3
[
κ(p+ γq)2Γ(ǫ)a−ǫ
+ρΓ(−1 + ǫ)a1−ǫ
]
+
1
2(4π)4
∫ 1
0
dγdρ
2p.q
(1 − ρ)
[
Γ(−1 + ǫ)(a′)1−ǫ]
(10)
where
Z2(γ) = (1 − γ)m2c + γm2s, (11)
g(ρ, κ) = κρ(1− ρ) + (1− κ), (12)
a(ρ, κ, γ) = −κρZ2 + κρ(1− ρ)p.(p+ γq)−
{κρ(1− ρ)
g
}
κρ(1− ρ)(p+ γq)2, (13)
a′(ρ, γ) = −ρZ2 + ρ(1 − ρ)p.(p+ γq)− ρ(1 − ρ)(p+ γq)2 . (14)
From Eq. (B.22) one can expect Π3Q(p, q) to have 6 p and 6 q terms, but as Eq(97) shows these terms cancel.
After carrying out the k integrals shown in Eqs(99-102) the final form for Π3Q(p, q) in Eq(10) is shown in
Eq(103).
Notice that, in Eq. (10), Π3Q(p, q) will have both power and logarithmic divergences. The former ones
are insignificant for our purpose and we are only be interested in log-divergences. We address this issue in
the next section, where we apply Borel transform on Eq. (10) to extract physical information relevant to the
decay process.
3 Borel Transformation of Π3Q(p, q)
In this section, we carry out a Borel transformation B on Π3Q(p, q) to ensure rapid convergence of the
integrals:
BM2Π3Q(P 2) = Π˜3Q(M2). (15)
We write Γ(−1 + ǫ)a1−ǫ = a ln a and Γ(ǫ)a−ǫ = − ln a, ignoring the power-divergent terms that vanish with
Borel transform. This finally gives us an expression
Π3Q(p, q) =
1
2(4π)4
∫ 1
0
dγdρdκ
2ρ3(1 − ρ)2
g(ρ, κ, γ)3
(p.q)
[
κ(p+ γq)2 (− lna) + ρ (a lna)]
+
1
2(4π)4
∫ 1
0
dρdγ
2p.q
(1− ρ) [a
′ ln a′] . (16)
Notice that, we have two parameters here in our expressions ( p and q, or alternatively p2 and p′
2
= (p+q)2).
This means Borel transformation should give us an expression for the three-point function in terms of two
Borel masses, M2 and M ′2. If the baryon masses were close, we could use M2 = M ′2. But in this case, we
are behooved to consider different values of the Borel masses. Following [10], we assume that they should
obey a ratio
M ′
2
M2
=
M2B′
M2B
, (17)
where MB and MB′ are respective Lambda baryon (Λc and Λs) masses in this case. This helps us to express
the Π3c(p, q) in Eq. (16) in terms of one variable p
2. We define a quantity δ as
δ ≡
(
M2B′
M2B
− 1
)
(18)
3
to write, in the limit of zero pion mass,
q.(p+ γq) = q.p =
1
2
(p′2 − p2) = 1
2
δp2, (19)
(p+ γq)2 = (1 + γδ)p2, (20)
(1− γ)p2 + γp′2 = (1 + γδ)p2, (21)
p.(p+ γq) = (1 +
γδ
2
)p2, (22)
Also, we can express a and a′ in a form that is convenient for Borel transform:
a(ρ, κ, γ) = c1(ρ, κ, γ)
[
p2 − b(ρ, κ, γ)2
]
, (23)
a′(ρ, γ) = c2(ρ, γ)
[
p2 − b′(ρ, γ)2
]
(24)
where
c1(ρ, κ, γ) =
{κρ(1− ρ)
g(ρ, κ)
}[
(1− κ) + 1
2
γδg′(ρ, κ)
]
, (25)
b2(ρ, κ, γ) =
g(ρ, κ)Z2
(1− ρ) [(1− κ) + 12γδg′(ρ, κ)] , (26)
c2(ρ, γ) =
[
− δγρ(1− ρ)
2
]
, (27)
b′
2
(ρ, γ) = − 2
γδ(1− ρ)Z
2, (28)
g′(ρ, κ) = (1− κ)− κρ(1− ρ) . (29)
Using P 2 = −p2 and applying the Borel transformation
BM2 = lim
P 2,n→∞;P 2/n=M2
(P 2)n+1
n!
(
− d
dP 2
)n
, (30)
we find
BM2
[
ln(P 2 + b2)
]
= −M2e−b2/M2 , (31)
BM2
[
P 2 ln(P 2 + b2)
]
= M2(b2 +M2)e−b
2/M2 , (32)
BM2
[
(P 2)2 ln(P 2 + b2)
]
= −M2(2M4 + 2b2M2 + b4)e−b2/M2 (33)
to write the Borel-transformed function Π˜3c(M) = BM
[
Π3c(P ;P
2 = −p2)] as
Π˜3Q(M) =
1
2(4π)4
∫ 1
0
dγdρdκ
δρ3(1− ρ)2
g3
[
2
(
κ(1 + γδ)− c1ρ
)
M6
+
(
2κ(1 + γδ)− c1ρ
)
M4b2 + κ(1 + γδ)M2b4
]
e−b
2/M2
+
1
2(4π)4
∫ 1
0
dγdρ
( δ
1− ρ
) [
−2c2M6 − c2b′2M4
]
e−b
′2/M2 . (34)
What we have got finally in Eq. (34) is the Operator Product Expansion (OPE) of the three-point correlator.
This expression is evaluated using Mathematica. We will equate this expression to a phenomenological model
for the decay process in order to calculate the coupling, gΛc→Λsπ .
4 Phenomenological side of the decay
We obtain the phenomenological side for this process from the restrictions imposed by symmetry. To illustrate
that, let’s recall the three-point function here:
Π3(p, q) = i
∫
d4xd4y eip.x+iq.y 〈0|T
[
ηΛc(x)HW (y)ηΛs(0)
]
|0〉 . (35)
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We can express this function in terms of physical intermediate states of our interest through the following
matrix elements:
〈0|ηΛc |Λc(p)〉 = λΛcu(p), (36)
〈Λs(p′)|ηΛs |0〉 = λΛs u¯(p′), (37)
〈Λc(p)|jµ|Λs(p′)〉 = g(p, p′) [u¯(p)iγµu(p′)] , (38)
where λΛc and λΛs are the couplings of the charmed and the strange lambda baryon currents to their hadronic
states u(p) is a spinor obeying the normalization u(p)u¯(p) = 2mB with mB being the mass of the the baryon
B, and g(p, p′) is the coupling of the pion current to the baryons and is related to the dimensionless coupling
constant, gΛc→Λsπ that we seek to find out in this paper, through the following relation[4]:
g(p, p′) = gΛc→Λsπ
[
2m2πfπ
(mu +md) (q2 −m2π)
]
, (39)
where mπ, mu and md are the mass of pion, up and down quarks, fπ is the pion decay constant, and
q2 = (p′ − p)2. Using Eq. (36), (37), (38), (39) and (2), we get
Πpheno3 (p, p
′) = iGFFπVud
[ 〈0|ηΛc |Λc(p)〉
6 p−mΛc
]
〈Λc(p)|jµ|Λs(p′)〉
[ 〈Λs(p′)|ηΛs |0〉
6 p′ −mΛs
]
= 4iGF gΛc→Λsπ Vud
2λΛcλΛsmΛcmΛsm
2
πF
2
π
(mu +md) (q2 −m2π)
(6 p+mΛc) 6 q (6 p′ +mΛs)
(p2 −m2Λc)(p′2 −m2Λs)
(40)
But,
(6 p+mΛc) 6 q(6 p′ +MΛs) = (mΛc +mΛs) p.q + (mΛcmΛs − p2) 6 q + 2q.p 6 p
−i [qµσµνpνmΛc + pµσµνqνmΛs ] (41)
Out of all the terms present in Eq. (41), we can only concentrate on the first one and ignore the others
because only the first term is consistent with the Lorentz structure of the OPE side of the three-point
function. Inserting it back to Eq. (40), and considering mu ≈ md = mq, we get
Πpheno3 (p, p
′) = − i gΛc→Λsπ GFVudλΛcλΛsmΛcmΛsF
2
π
mq
[
δp2 (mΛc +mΛs)
(p2 −m2Λc)(p′2 −m2Λs)
]
. (42)
In the above expression, we have considered q2 = 0 and δ is defined in Eq. (18). Using Eq. (17), we get
Πpheno3 (p) = −
igΛc→Λsπ GFVudλΛcλΛsmΛcmΛsF
2
π
mq
× δ (mΛc +mΛs)m
2
Λc
m2Λs
[
1
p2 −m2Λc
+
m2Λc
(p2 −m2Λc)2
]
. (43)
Now, we apply the Borel transformation [Eq. (30)] on Πpheno3 (p) to get
BM2
[
Πpheno3 (p)
]
= igΛc→ΛsπGFVudλΛcλΛs
δ (mΛc +mΛs)F
2
π
mq
m2Λc
m2Λs
(
1− m
2
Λc
M2
)
e−
m
2
Λc
M2 ,
(44)
where we considermΛs = 1.115 GeV,mΛc = 2.286 GeV,ms = 0.095 GeV,mc = 1.275 GeV, Fπ = 0.092 GeV,
mq = 0.004 GeV. For the couplings, λΛc and λΛs , we follow [11], where the values of these parameters were
obtained from baryonic mass sum rules in heavy quark effective theory [12]:
2(4π)4 |λB |2e−M
2
B
/M2 = M6EB2 +
2
3
amQ(1 − 3γ)M2EB0 + bM2EB0 +
4
9
a2(3 + 4γ),
(45)
5
where B denotes the baryon Λc or Λs, mQ denotes the mass of the heavy quark (charm or strange), and
a = −(2π)2〈q¯q〉 ≈ 0.5 GeV3, (46)
b = π2〈αsG2/π〉 ≈ 0.12 GeV4, (47)
γ = 〈q¯q〉/〈s¯s〉 − 1 ≈ −0.2 (48)
and EBn represents the continuum contribution,
EBn = 1−
(
1 + x+
x2
2
+ · · ·+ x
n
n!
)
e−x (49)
with x = sB/M
2, sB being the continuum threshold. Notice that, we can only determine the absolute value
of gΛc→Λsπ and not the sign, since Eq. (45) gives only the absolute value of λB . Note that the the couplings
λΛc and λΛs are so well known that they do not add to the errors estimated from the Borel Mass plots.
5 Results
In this section, we compare the OPE side of the three-point function given in Eq. (34) to the phenomenological
side in Eq. (44) to find out the coupling. The free parameters appearing in the latter expression are the
continuum thresholds, sB and sB′ , that determine the couplings, λB and λB′ . From Eq. (45), we can write
|λB/λB′ |2 e−(M
2
B
−M2
B′
)/M2 =
EB2 +
(
2amc
3M4
)
(1− 3γ)EB0 +
(
b
M4
)
EB0 +
(
4a2
9M6
)
(3 + 4γ)
EB
′
2 +
(
2ams
3M4
)
(1 − 3γ)EB′0 +
(
b
M4
)
EB
′
0 +
(
4a2
9M6
)
(3 + 4γ)
.
(50)
For what follows from here, B denotes Λc, B
′ denotes Λs. To estimate sB, sB′ , λB and λB′ , we start with
a residual
R(M2) = (rhs− lhs)2/lhs2, (51)
where rhs and lhs denotes the right- and left-hand sides of Eq. (50) respectively. Then, we assume a prior
range of values for the free parameters and minimize the residual in Eq. (51). We define
r = |λB/λB′ |2, (52)
sB = (MB +∆)
2 , (53)
sB′ = (MB′ +∆)
2
. (54)
The above definitions of sB and sB′ help us to constrain the continuum threshold with just one free parameter,
∆. Similar parametrization has been adopted in other works, e.g., in [11] and [10]. Now, using this residual
method, we attempt to find a Borel window over which (i) the residual will be close to zero, (ii) it will
effectively become constant over this range (window) of M , because our result should be independent of the
extra parameterM that we introduced just to regulate the divergences in the three-point function. We start
with a prior range of the free parameters: ∆ ∈ [0.5 GeV, 0.9 GeV], r ∈ [1, 18] and attain a suitable Borel
window for the following values of the free parameters:
r = 17.259, ∆ = 0.784 GeV . (55)
The residual is plotted in Figure 2 for the above-mentioned values of the free parameters. Using the values
of ∆ obtained in Eq. (55) in Eq. (44), and comparing Eq. (44) with Eq. (34), we get gΛc→Λsπ as a function of
Borel mass, as shown in Figure 3. Figure 2 and 3 allows us to choose a Borel windowM ∈ [2.7 GeV, 3.2 GeV]
over which we estimate the value of the coupling constant, gΛc→Λsπ.
gΛc→Λsπ = 1.060± 0.014 (56)
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6 Conclusion
In this work, we have calculated the coupling constant, gΛc→Λsπ, for the decay process Λ
+
c → Λ0π+. We
used a parametric representation of the propagators analytically continued to complex D-dimensions in
order to solve the lowest order perturbative diagram corresponding to this process. We achieved convergence
with a reduced Borel transformation. This method will be extended to estimate other Cabibbo-favored and
Cabibbo-suppressed decays of heavy-quark baryons, and also to estimate decays for other weak modes of
charmed lambda in future.
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Appendix A: OPE side of the three-point function
Using Eq. (1), (2) and (6) and keeping the essential terms, Π3(x, y) is
Π3(x, y) = iGFFπVud qα〈0| T
[
ǫabcu¯(x)aCγµd
b(x)γ5γ
µc(x)csj(y)γα(1 − γ5)c¯j(y)Vcs
ǫdefud(0)Cγλd¯
e(0)γ5γ
λs¯f (0)
]
|0〉 . (A.1)
From Eq. (4), (??), and using q(x) =
∫
d4k
(2π)4 e
−ik·xq(k),
Π3(p, q) = iGFFπVcsVud qα
∫
d4xd4yeip·xeiq·y
∫
d4k1
(2π)4
d4k2
(2π)4
d4k3
(2π)4
d4k4
(2π)4
(A.2)
eik1·xe−ik2·xe−ik3·(x−y)e−ik4·yTr[Su(k1)CγµSd(k2)C
∗γλγ5γ
µSc(k3)γ
α(1− γ5)Ss(k4)γλγ5] ,
where the quark propagator is Sq(k) = (6 k +mq)/(k2 −m2q) = (kµγµ +mq)/(k2 −m2q).
Using mu,md ≪ mc, the trace in Eq(A.2) is
Tr[Su(k1)CγµSd(k2)γ
νCγ5γ
µSc(k3)Ss(k4)γνγ5] = Tr[ 6 k1Cγµ 6 k2C∗γλγ5γµ(6 k3 +mc)γα(1− γ5)
(6 k4 +ms)γλγ5] 1
k21k
2
2(k
2
3 −m2c)(k24 −m2s)
(A.3)
In carrying out the trace in Eq(A.3) note that Tr[γ5γνγλ] = 0, and one obtains for the trace on the right
hand side
TR = Tr[ 6 k1Cγµ 6 k2C∗γλγ5γµ(6 k3 +mc)γα(1− γ5)(6 k4 +ms)γλγ5]
= 16mc(k1 · k2kα4 + k2 · k4kα1 − k1 · k4kα2 )
−16ms(−k1 · k2kα3 + k2 · k3kα1 − k1 · k3kα2 ) . (A.4)
Making use of
∫
d4xeix·(p−k) = (2π)4δ(4)(p− k) so k3 = p+ k1 − k2 and k4 = p+ k1 − k2 + q, one obtains
Π3(p, q) = 16iGFFπVcsVud
∫
d4k1
(2π)4
d4k2
(2π)4
(mcF1 +msF2)
× 1
[k21k
2
2((p+ k1 − k2)2 −m2c)((p+ q + k1 − k2)2 −m2s)]
, (A.5)
where
F1 = k1.q k2.(p+ q + k1 − k2)− k2.q k1.(p+ q + k1 − k2) + k1.k2 q.(p+ q + k1 − k2), (A.6)
F2 = k1.(p+ k1 − k2) k2.q − k2.(p+ k1 − k2) k1.q + k1.k2 q.(p+ k1 − k2) (A.7)
Using (k1 + p) ≡ l and k2 ≡ k, Π3(p, q) in Eq(A.5) can be expressed as
Π3(p, q) = 16iGFFπVudVcs
(
mcΠ3c +msΠ3s
)
, (A.8)
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with
Π3c(p, q) =
∫
d4k
(2π)4
1
k2
∫
d4l
(2π)4
F1
(l + p)2 [(l − k)2 −m2c ] [(l − k − q)2 −m2s]
(A.9)
Π3s(p, q) =
∫
d4k
(2π)4
1
k2
∫
d4l
(2π)4
F2
(l + p)2 [(l − k)2 −m2c ] [(l − k − q)2 −m2s]
, (A.10)
where
F1 = k · (l − p)q · (l − k + q) + k · (l − k + q)q · (l − p)− (l − p) · (l − k + q)q · k (A.11)
F2 = k · (l − p) q · (l − k)− k · (l − k) q · (l − p) + (l − p) · (l − k) q · k . (A.12)
Here we consider ms ≪ mc to write
Π3(p, q) = 16imcGFFπVudVcs Π3c(p, q) (A.13)
Defining
Π˜µνω(p, q) =
∫
d4k
(2π)4
kµ
k2
∫
d4l
(2π)4
(l − p)ν(l − k + q)ω
(l + p)2 [(l − k)2 −m2c ] [(l − k + q)2 −m2s]
=
∫
d4k
(2π)4
kµ
k2
∫
d4l
(2π)4
lν(l − k + p+ q)ω
l2 [(l − k + p)2 −m2c ] [(l − k + p+ q)2 −m2s]
(A.14)
to write
Π3c(p, q) = qν
[
Π˜µµν + Π˜µνµ − Π˜νµµ
]
(A.15)
Using k → −k, l → −l, we get
Πµνω(p, q) = −Π˜µνω =
∫
d4k
(2π)4
kµ
k2
∫
d4l
(2π)4
lν(l − k − p− q)ω
l2 [(l − k − p)2 −m2c ] [(l − k − p− q)2 −m2s]
. (A.16)
Thus,
Π3(p, q) = −16imcGFFπVudVcs Π3Q(p, q) (A.17)
where
Π3Q(p, q) = qν [Π
µµν +Πµνµ −Πνµµ] (A.18)
Appendix B: Evaluating Πµνω(p, q)
We define
Πl0(p, q) =
∫
d4l
(2π)4
1
l2 [(l − k − p)2 −m2c ] [(l − k − p− q)2 −m2s]
Πµl1(p, q) =
∫
d4l
(2π)4
lµ
l2 [(l − k − p)2 −m2c ] [(l − k − p− q)2 −m2s]
Πµνl2 (p, q) =
∫
d4l
(2π)4
lµlν
l2 [(l − k − p)2 −m2c ] [(l − k − p− q)2 −m2s]
(B.1)
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These integrals are evaluated using the regularization technique adopted in [3] to give us
Πl0(p, q) =
1
(4π)2
∫ ∞
0
dαdβdγ
eA(α,β,γ)+βm
2
c
+γm2
s
(α+ β + γ)2
, (B.2)
Πµl1(p, q) =
1
(4π)2
∫ ∞
0
dαdβdγ
[(β + γ)k + s]µ
(α+ β + γ)3
eA(α,β,γ)+βm
2
c
+γm2
s , (B.3)
Πµνl2 (p, q) =
1
(4π)2
∫ ∞
0
dαdβdγ eA(α,β,γ)+βm
2
c
+γm2
s
[
− 1
2
gµν
(α+ β + γ)3
+
[(β + γ)k + s]µ [(β + γ)k + s]ν
(α+ β + γ)4
]
where (B.4)
sµ = (β + γ)pµ + γqν (B.5)
A(α, β, γ) = (p+ k)2(
β2
α+ β + γ
− β) + (p+ k + q)2( γ
2
α+ β + γ
− γ)
+
2βγ(p+ k) · (p+ k + q)
α+ β + γ
. (B.6)
Using d4k → dDk, D ≡ 4 − 2ǫ, β → ρβ, γ → ργ, δ(ρ − β − γ)→ δ(1 − β − γ)/ρ, and repeating for α as
well, one obtains
Πl0(p, q) =
1
(4π)2
∫ 1
0
dγdρ
∫ ∞
0
dκ ρeA+κρ[(1−γ)m
2
c
+γm2
s
], (B.7)
Πµl1(p, q) =
1
(4π)2
∫ 1
0
dγdρ
∫ ∞
0
dκ ρ2[k + p+ γq]µ eA+κρ[(1−γ)m
2
c
+γm2
s
], (B.8)
Πµνl2 (p, q) =
1
(4π)2
∫ 1
0
dγdρ
∫ ∞
0
dκ ρ
[
− 1
2κ
gµν + ρ2(k + p+ γq)µ(k + p+ γq)ν
]
eA+κρ[(1−γ)m
2
c
+γm2
s
]
(B.9)
where we redefine
A = Dk2 + F.k + f(p, q) (B.10)
where
D = −κρ(1− ρ), (B.11)
Fµ = −2κρ(1− ρ)(p+ γq)µ, (B.12)
f(p, q) = −κρ(1− ρ)p.(p+ γq) (B.13)
Using Eq. (B.7), (B.8), (B.9) in Eq. (9), we get
Πµµν(p, q) =
∫
d4k
(2π)4
kµ
k2
∫
d4l
(2π)4
lµ(l − k − p− q)ν
l2 [(l − k − p)2 −m2c ] [(l − k − p− q)2 −m2s]
=
∫
d4k
(2π)4
kµ
k2
[
Πµνl2 − (k + p+ q)ν Πµl1
]
=
1
(4π)2
∫ ∞
0
dαdβdγ eA+βm
2
c
+γm2
s
∫
d4k
(2π)4
kµ
k2
[
− g
µν
2(α+ β + γ)3
+
[(β + γ)k + s]
µ
[(β + γ)k + s]
ν
(α + β + γ)4
− (k + p+ q)
ν [(β + γ)k + s]µ
(α+ β + γ)3
]
(B.14)
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Similarly, we can write
Πµνµ =
∫
d4k
(2π)4
kµ
k2
∫
d4l
(2π)4
lν(l − k − p− q)µ
l2 [(l − k − p)2 −m2c ] [(l − k − p− q)2 −m2s]
=
1
(4π)2
∫ ∞
0
dαdβdγ eA+βm
2
c
+γm2
s
∫
d4k
(2π)4
kµ
k2
[
− g
µν
2(α+ β + γ)3
+
[(β + γ)k + s]
µ
[(β + γ)k + s]
ν
(α+ β + γ)4
− (k + p+ q)
µ[(β + γ)k + s]ν
(α+ β + γ)3
]
(B.15)
Πνµµ =
∫
d4k
(2π)4
kν
k2
∫
d4l
(2π)4
lµ(l − k − p− q)µ
l2 [(l − k − p)2 −m2c ] [(l − k − p− q)2 −m2s]
=
1
(4π)2
∫ ∞
0
dαdβdγ eA+βm
2
c
+γm2
s
∫
d4k
(2π)4
kν
k2
[
− g
νν
2(α+ β + γ)3
+
[(β + γ)k + s]
µ
[(β + γ)k + s]
µ
(α+ β + γ)4
− (k + p+ q)
µ[(β + γ)k + s]µ
(α+ β + γ)3
]
(B.16)
Multiplying Eq. (B.14), (B.15) and (B.16) with the pion four momentum, qµ, we get
qνΠ
µµν =
1
(4π)2
∫ 1
0
dγdρ
∫ ∞
0
dκ eκρZ
2
[
− ρ
2κ
∫
d4k
(2π)4
eA
q.k
k2
+ρ3
∫
d4k
(2π)4
eA
k.(k + p+ γq) q.(k + p)
k2
−ρ2
∫
d4k
(2π)4
eA
k.(k + p+ γq) q.(k + p)
k2
]
, (B.17)
qνΠ
µνµ =
1
(4π)2
∫ 1
0
dγdρ
∫ ∞
0
dκ eκρZ
2
[
− ρ
2κ
∫
d4k
(2π)4
eA
q.k
k2
+ρ3
∫
d4k
(2π)4
eA
k.(k + p+ γq) q.(k + p)
k2
−ρ2
∫
d4k
(2π)4
eA
k.(k + p+ q) q.(k + p)
k2
]
, (B.18)
qνΠ
νµµ =
1
(4π)2
∫ 1
0
dγdρ
∫ ∞
0
dκ eκρZ
2
[
− 2ρ
κ
∫
d4k
(2π)4
eA
q.k
k2
+ρ3
∫
d4k
(2π)4
eA
k.q (k + p+ γq)2
k2
−ρ2
∫
d4k
(2π)4
eA
k.q (k + p+ γq).(k + p+ q)
k2
]
(B.19)
Eq. (B.17), (B.18) and (B.19) and (B.24) allows us to write
Π3Q =
1
(4π)2
∫
dγdρ
∫ ∞
0
dκ eκρZ
2
[ρ
κ
∫
d4k
(2π)4
eA
k.q
k2
+2ρ3
∫
d4k
(2π)4
eA
k.(k + p+ q) q.(k + p)
k2
−ρ3
∫
d4k
(2π)4
eA
(q.k)(k + p+ γq)2
k2
−ρ2
∫
d4k
(2π)4
eA
q.(k + p)
k2
{
2k2 + (p+ q).k + (p+ γq).k
}
+ρ2
∫
d4k
(2π)4
eA
q.k
k2
{
k2 + k.
[
(p+ q) + (p+ γq)
]
+ (p+ q).(p+ γq)
}]
(B.20)
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After a little manipulation, we get
Π3Q =
1
(4π)2
∫ 1
0
dγdρ
∫
dκ eκρZ
2
[ρ
κ
∫
d4k
(2π)4
eA
k.q
k2
+2ρ3
{∫ d4k
(2π)4
eA + (p+ γq)µ
∫
d4k
(2π)4
eA
kµ
k2
}
q.(k + p)
−ρ3
∫
d4k
(2π)4
eA
(k.q)
[
k2 + 2k.(p+ γq) + (p+ γq)2
]
k2
−2ρ2
∫
d4k
(2π)4
eA q.(k + p)− ρ2
∫
d4k
(2π)4
eA
q.(k + p) k.
{
(p+ q) + (p+ γq)
}
k2
+ρ2
∫
d4k
(2π)4
eA q.k + ρ2
∫
d4k
(2π)4
eA
(q.k) k.
{
(p+ q) + (p+ γq)
}
k2
+ρ2
∫
d4k
(2π)4
eA
(q.k)(p+ q).(p+ γq)
k2
]
(B.21)
we get
Π3Q =
1
(4π)2
∫ 1
0
dγdρ
∫ ∞
0
dκ eκρZ
2
[ ∫ d4k
(2π)4
eA
k.q
k2
{ρ
κ
− (γ + 1)ρ2q.p
+2ρ3γ(p.q)− ρ2(p+ γq). [ρ(p+ γq)− (p+ q)]
}
+2ρ2(ρ− 1)(p.q)
∫
d4k
(2π)4
eA
k.p
k2
+ 2ρ2(ρ− 1)(p.q)
∫
d4k
(2π)4
eA + ρ2(ρ− 1)
∫
d4k
(2π)4
eA k.q
]
(B.22)
But
−(γ + 1)ρ2q.p+ 2ρ3γ(p.q)− ρ2(p+ γq). [ρ(p+ γq)− (p+ q)] = −ρ2(ρ− 1)p2 (B.23)
This eventually gives us
Π3Q =
1
(4π)2
∫
dγdρ ρ2(ρ− 1)
∫ ∞
0
dκ eκρZ
2
[
− p2
∫
d4k
(2π)4
eA
k.q
k2
+ 2p.q
∫
d4k
(2π)4
eA
k.p
k2
+2p.q
∫
d4k
(2π)4
eA +
∫
d4k
(2π)4
eA (k.q) +
ρ
κ
∫
d4k
(2π)4
eA
k.q
k2
]
(B.24)
Using ∫
d4k
(2π)4
eA =
1
2(4π)2
ef−F
2/4D
D3
(2D), (B.25)
∫
d4k
(2π)4
kµ eA =
1
2(4π)2
ef−F
2/4D
D3
(−Fµ), (B.26)
∫
d4k
(2π)4
kµ
k2
eA =
∫ ∞
0
dλ
ef−F
2/4(D−λ)
2(4π)2(D − λ)3 (−F
µ) , (B.27)
∫
d4k
(2π)4
kµkν
k2
eA =
∫ ∞
0
dλ
ef−F
2/4(D−λ)
2(4π)2(D − λ)3
[
gµν +
FµF ν
2(D − λ)
]
(B.28)
we get
Π3Q =
1
2(4π)4
∫ 1
0
dγdρ2ρ3(1− ρ)2 (p.q)
∫ 1
0
dκ
1
g(ρ, κ, γ)3
[
κ(p+ γq)2Γ(ǫ)a−ǫ
+ρΓ(−1 + ǫ)a1−ǫ
]
+
1
2(4π)4
∫ 1
0
dγdρ
2p.q
(1− ρ)
[
Γ(−1 + ǫ)(a′)1−ǫ] (B.29)
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where
Z2(γ) = (1 − γ)m2c + γm2s, (B.30)
g(ρ, κ) = κρ(1− ρ) + (1− κ), (B.31)
a(ρ, κ, γ) = −κρZ2 + κρ(1− ρ)p.(p+ γq)−
{κρ(1− ρ)
g
}
κρ(1− ρ)(p+ γq)2, (B.32)
a′(ρ, γ) = −ρZ2 + ρ(1 − ρ)p.(p+ γq)− ρ(1 − ρ)(p+ γq)2 . (B.33)
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